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Abstract

Fast Marching represents a very efficient technique for solving front propagation problems which can be formulated as a boundary value partial differential equations with Dirichlet boundary condition, called
Eikonal equation:

{

F (x)|∇T (x)| = 1, x ∈ Ω
T (x) = 0, x ∈ Γ,

(1)

where Ω is a domain in R
n, Γ is the initial position of a a curve evolving with normal velocity F, F > 0.

Fast Marching Methods are a necessary step in Level Set Methods, which are widely used today in scientific computing. The classical Fast Marching Methods (FMM), based on finite differences, proposed
by Osher and Sethian [1], are theoretically optimal in terms of operation count, and typically sequential. Parallelizing Fast Marching Methods is a step forward for employing the Level Set Methods on
supercomputers. All the included simulations are done using the LONI resources.

Fast Marching Methods

Fast Marching Methods consider only numerical schemes which guarantee a correct up-
wind direction and a correct approximation of the viscosity solution [1, 2] by using the
numerical scheme:
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The Fast Marching algorithm partitions the grid points in three categories: accepted,
narrow band and far away. The algorithm starts by putting the boundary condition
into the accepted nodes, computing the downwind values for all the adjacent points and
adding them to the narrow band.

Fast Marching algorithm

loop

let P the point with the smallest value in the narrow band
add P to accepted set and delete P from narrow band
tag all neighbors of P as narrow band, if they are not already accepted
if neighbor N is in the far away set then

delete N from far away set
add N to narrow band

end if

recompute distances at all narrow band neighbors of P , by solving locally
the Eikonal Equation

end loop

Theorem 1. As the mesh size is going to zero, i.e. ∆x → 0 and ∆y → 0, the
numerical solution built by the Fast Marching Methods converges to the viscosity
solution of (1).

Ghost Points Update

The Ghost points update procedure consists on:

• recompute the boundary values using the ghost nodes

• reassign the flags

• save the minimum value on the boundary

• use it to update the flags in the subdomain

The algorithm is graphically illustrated below.

min ghost value = Xmin ghost value = X

i h l Xmin ghost value = Xg

Figure 1: After Local FM
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Figure 2: After Ghost Update

Approaches to update the boundary values at the interfaces:

• group the overlapping nodes of each subdomain in a sorted list

• use this list to recompute the boundary values

and

• perform a Fast Sweeping [3] at the interfaces and

• update the overlapping regions of the subdomains

Implementation

No special data structure, i.e. heap sort tree, is necessary to keep track of exact causal relationships. I
maintain a looser relationship and update all visited points by using a double chained list and assigning
flags to indicate the status of each point:

• flag for accepted nodes is set to 0,

• flag for narrow band nodes is set to 1,

• flag for far away nodes is 2.

For the distribute implementation

• Partition Ω in Ωi subdomains:
Ω1 Ω2 ... Ωi

• Each CPU has access only to its own subdomain

• Make subdomains interaction possible by expanding each subdomain by r ghost nodes

• Evaluation of (2) requires ghost points

• Ghost points need to be explicitly synchronize:

loop

Fast Marching on the subdomains (local FM)
{Exchange and update the boundary data at the interfaces}
Ghost points update
Narrow band reconstruction
Keep minimum value and restart the algorithm until all the points are accepted.

end loop

Numerical Results

The efficiency of the parallel algorithms depends on:

• the required amount of communication between subdomains, i.e. how often boundary nodes change to
accepted status.

• preserving the upwind structure of the solution during the algorithm execution.

Theorem 2. The parallel algorithm complexity is in between O(N2) and O(N3).

The simulations are done using the LONI resources and the test grid sizes are:
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Figure 3: Numerical experiments for images with one and two source nodes in the corners
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